Abstract. We give a necessary and sufficient condition on a given family A of finite subsets of integers for the Cauchy-Davenport inequality
Introduction
Recently some additive results have been considered in the setting of the semigroup of subsets of integers, see e.g. [1] where Sidon sets are generalized to this context. Following this direction introduced by two of the authors, in this paper we consider some extensions of Cauchy-Davenport Theorem to the semigroup of subsets of integers, but we shall do the proof in the more general context of acyclic semigroups.
We denote a semigroup (M, ·), where '·' is a binary associative operation on the set M with a neutral element, simply by M . The semigroup M is acyclic if M1. x · y = x implies y = 1, for every x ∈ M . M2. x · y = 1 implies x = y = 1, for every x, y ∈ M.
Our basic examples are the following ones. Let G be an ordered group and let P = G + = {x : x ≥ 1}. The set M of finite subsets of P with the product
is an acyclic semigroup with neutral element{1}, where 1 is the neutral element of G. We call M the sumset semigroup of G. For our second example, let P I denote the set of functions from a set I to P with the induced product (f · g)(y) = f (y) · g(y) is an acyclic semigroup with neutral element the constant function 1. In particular, if |I| = 1 then P I is isomorphic to P (as semigroups). For |I| ≥ 2, P I is the semigroup of sequences of elements in P indexed by I. In particular, if P = N then N I is the free abelian monoid generated by I, an important object in factorization theory, see for instance [2] .
Acyclic semigroups have the following important property. Lemma 1. For any finite nonempty subset S of an acyclic semigroup M and for every x = 1, we have xS = S.
Proof. Suppose that xS = S. Take a ∈ S. Then x j a ∈ S for all j by induction. Since S is finite we have x j a = x k+j a for some j and k > 0. By axiom M2 we have x k = 1 and then x = 1.
Cayley graphs on semigroups
Let M be a semigroup. Let S be a finite subset of M . The Cayley graph Cay(M, S) of S in M has the elements of M as vertices and there is an arc (x, y) colored s ∈ S whenever y = xs. Note that the resulting graph is oriented, edge-colored, and it may have parallel arcs. If 1 ∈ S then it has a loop at every vertex.
If M is an acyclic semigroup and 1 ∈ S then the only finite directed cycles in the Cayley graph Cay(M, S) are the loops. This fact motivates the terminology. In what follows we assume that M is an acyclic semigroup.
We shall write δ(S) = min{|xS| : x ∈ M }, the minimum out-degree of a vertex in Cay(M, S). A subset S will be called regular if δ(S) = |S|. We say that S is biregular if in addition |Sx| = |S| for every x ∈ M .
We are interested in obtaining lower bounds for the cardinality of the product of two sets in M . To this end we use the isoperimetric method, see e.g. [3, 4] .
For a positive integer k and a finite set S ⊂ M with 1 ∈ S, denote by
It follows from the definition that, for every pair X and S of finite sets in M with |X| ≥ k we have
. A k-fragment of S with minimal cardinality will be called a k-atom of S.
Lemma 2. Let F and S be finite nonempty subsets of an acyclic semigroup M with 1 ∈ S. There is an element a ∈ F such that |(F \ a)S| ≤ |F S| − 1.
In particular, every k-fragment of S in M contains a k-atom of S with cardinality k.
Proof. Consider the subgraph of Cay(M, S) induced on F . Since the graph has no directed cycles, (except for the loops) there is an element a ∈ F with indegree δ − (a) = 1 (just the loop). It follows that a ∈ (F S) \ (F \ a)S. Now suppose that F is a k-fragment, so that |F S| = |F | + κ k (S). Let A be the smallest k-fragment contained in F . Suppose that |A| > k. By the first part of the Lemma there is a ∈ A such that |(A \ a)S| ≤ |AS| − 1 = |A| − 1 + κ k (S), contradicting the minimality of |A|. Hence |A| = k and A is a k-atom. By taking x ∈ M such that |xS| = δ(S) and X = {x} we see that the equality holds.
Note that, without the assumption 1 ∈ S the best one can say in general is just |XS| ≥ 1 in contrast with the trivial bound |XS| ≥ max{|X|, |S|} in a group. The following example illustrates this remark.
Example 4. Consider the sumset semigroup of the integers. For a subset A = {a 1 < a 2 < · · · < a n } we denote by d(A) = max 1≤i<n (a i+1 − a i ) the length of the largest gap in A.
Let A = {A 1 , · · · , A k } be a collection of subsets of integers with gaps of length at most k, namely max i d(A i ) ≤ k, and with min(A i ) = m, max(A i ) = M for each i. Let P = {0, 1, · · · , k}}. We have A + P = {m, m + 1, , M + k}, and hence
However |A| can be arbitrarily large.
Note that if S = {{0}, P } then δ(S) = 2 and |A + S| = |A| + 1.
Let M be the sumset semigroup of the integers. One can characterize the sets for which the classical Cauchy-Davenport inequality holds in M . Define a partial order in M by Proof. For any z ∈ M we observe that (min(zx), max(zx)) = (min(z) + min(x), max(z) + max(x)). If all the pairs (min(x), max(x)), x ∈ S, are all distinct then the pairs (min(zx), max(zx)), x ∈ S, are all distinct. Thus all the elements zx, x ∈ S are also distinct and |zS| = |S|.
On the other hand, if (min(x), max(x)) = (min(y), max(y)) for distinct elements x, y ∈ S we have that
As a consequence of the above Proposition that the classical Cauchy-Davenport inequality holds for chains in the sumset semigroup of the integers.
Corollary 6. Let S be a chain in the sumset semigroup of the integers with 1 ∈ S. Then, for each finite nonempty subset X ⊂ M ,
The following example shows that there are antichains in the sumset semigroup of the integers with |A + A| = |A| + 1, the minimum possible value given by Theorem 3. We conjecture that Theorem 3 holds in the semigroup of finite sequences of elements from a torsion-free group: Conjecture 1. Let G be a torsion-free group and I a finite set. Then for every nonempty finite subsets S, T ⊂ G I with 1 ∈ S we have |ST | ≥ |T | + δ(S) − 1.
Vosper's Theorem
We next analyze the case of equality in the Cauchy-Davenport theorem for acyclic abelian semigroups.
A set P ⊂ M of the form P = a{1, r, r 2 , . . . r k−1 } is called an r-progression.
Lemma 8. Let S be a biregular finite nonempty subset of an acyclic semigroup M with 1 ∈ S and let u ∈ M \ {1}. If
then uS is an u-progression.
Proof. Since δ(S) = |S|, we have |uS| = |S|, which implies
It follows that the subgraph Γ(uS) of Γ = Cay(M, {1, u}) induced by uS contains |S| − 1 arcs. Since S is biregular we can not have su = s u for a pair of distinct elements s, s ∈ S, so that the indegree of every element in Γ(uS) is at most one. Since Γ(uS) is acyclic it is a path of length |S|. This implies that uS is an u-progression.
Theorem 9 (Vosper Theorem for acyclic semigroups). Let M be an abelian acyclic semigroup. Let S be a regular nonempty finite subset of M with 1 ∈ S and |S| ≥ 2. Let X be a finite subset of M with |X| ≥ 2. If
then one of the following conditions holds:
(i) There are u, v ∈ X such that uS * = vS * , (ii) There is u ∈ M such that uS is an r-progression for some r ∈ M . Moreover, if X is also regular, then there is u ∈ M such that u X is an r-progression as well.
Proof. By the definition, we have κ 2 (S) ≤ |S| − 1. By Theorem 3, since S is regular we have κ 2 (S) = |S| − 1. By Lemma 2, there is a 2-atom of S with cardinality two contained in X. Thus there are u, v ∈ X with |{u, v}S| = |S| + 1. We consider two cases.
Case 1. v / ∈ (uS) and u / ∈ (vS). In this case (i) holds.
Case 2. v ∈ uS or u ∈ vS. We may assume that v = us for some s ∈ S. Then |{u, us}S| = |{1, s}(uS)| = |S| + 1. By Lemma 8, uS is an r-progression for some r, say uS = a{1, r, · · · , r k−1 }. Now if X is also regular then Xu is a regular set and |(Xu)S| = |X| + |S| − 1. We can write (Xu)S = Xa{1, r, . . . , r k−1 } = Xa{1, r} · · · {1, r}. Since |(Xu)S| = |X| + |S| − 1 we have |Xa{1, r}| = |aX{1, r}| = |X| + 1 and we likewise conclude that aX is an r-progression.
In the sumset semigroup of the integers, both conclusions in the above Theorem may hold as illustrated by the following example.
Example 10. Let A = {{0}, {0, 3, 6, 9}, {0, 2, 3, 6, 9, 10}, {0, 1, 4, 7, 9, 11}}.
Since A is a chain, it is biregular. Now let B = {{0, 1, 2, 3, 4, 5, 6}, {0, 1, 3, 4, 5, 6}}.
We have |A + B| = |A| + |B| − 1 and A is not a progression.
